Abstract. We study the relationship between systems of conformal quantum mechanics -characterized by singular potentials-, q deformations, and recent work on limit cycles in Renormalization Group flows. We mainly focus on the consequences of the distinctive spectra of these systems: geometric or geometric-like growth of the eigenvalues. We discuss the intimate relationship between these spectra and fractal geometry. In turn, the method employed shows how naturally the usual framework of zeta regularization and heat-kernel expansions should be enhanced to take into account complex poles, that imply the appearance of logarithmic oscillations and, eventually, fractal behavior.
Introduction
The number of physical systems that lead to a quantum mechanical spectrum with functional behavior is remarkable [3] - [10] , [27] - [31] . However, this is not a very well-known fact and indeed, most of the works possessing at least this common feature appear rather scattered in the literature. By functional behavior we mainly refer here to spectra with exponential (either exactly or exponential in the semiclassical region) growth. The usual models of ordinary quantum mechanics certainly seem to imply that only polynomial behavior in the quantum numbers can be obtained.
Nevertheless, there is the strong impression that this type of spectral behavior goes hand in hand with the presence of a quantum group symmetry. Indeed, in ordinary quantum mechanics, when q-deformed, the usual polynomial behavior of the spectrum jumps into an exponential-like behavior for the eigenvalues [8, 9] . Is possible to obtain this type of spectra within ordinary quantum mechanics ? The answer turns out to be positive, but for a rather particular type of models. More precisely, models of conformal quantum mechanics [2] . These are models that are characterized by a singular potential [1] , like for example V (r) = − λ r 2 . These models have been notoriously revisited in recent years [3] - [6] and its interest relies on the fact that they are a good laboratory to test many quantum field theory features (like regularization and renormalization), but also due to its physical relevance in many different areas. Qualitatively, one may argue that the dimensionless 1 parameter λ, is willing to play the role of the dimensionless q (rather, log q) parameter. Nevertheless, this is not possible since we do not have an energy scale, given by a more conventional dimensionful parameter. This parameter is given by the usual and necessary cutoff employed in the regularization (or appearing by dimensional transmutation [6] for example). Then, this new parameter behaves like a usual 1 Due to the concomitant symmetry of the potential, of degree −2, with the kinetic energy term.
1 parameter in ordinary quantum mechanics and then λ is legitimated to act as an honest q parameter. At any rate, the resulting spectrum:
with E 0 depending on the cutoff and µ depending on λ is rather conclusive and certainly close to some typical q-deformed spectra [10] . In addition to the remarkable physical interest of the V (r) = − λ r 2 potential, for example in nuclear physics, where it plays a crucial role in what is known as the Efimov effect [7] (see also [19] , for example), it is also noteworthy that a renormalization group approach reveals the presence of a limit cycle in the flow [25] . This possibility was generically discussed by Wilson [33] , and it has been recently the subject of considerable interest [26] - [32] . This is mainly due to the work [25] , that revisited the Efimov effect. Indeed, the discoveries of Efimov in the seventies are probably the oldest and clearest evidence of the physical relevance and interest of a quantum mechanical spectrum with an exponential behavior. It is also worth to mention that in their recent work [29] , Glazek and Wilson put considerable emphasis in a spectrum of the type (1.1) , and its relationship with limit cycles in renormalization group flows. This is rather relevant in our context, since they discuss in detail under which conditions the spectrum is of pure geometric growth. While we shall not strictly consider this question, we shall also pay attention to a spectrum of the type:
, that also appears, for example, in [31] , and is probably somewhat closer to qdeformed models than (1.1). As we shall see, this spectrum, with linear growth near the ground-state and exponential one for high-lying eigenvalues, presents some interesting features when compared with (1.1) . Another interesting feature of q deformed systems is their strong relationship with the concept of discrete-scale invariance [21] . Discrete scale invariance (DSI) is a symmetry weaker than the well-known continuous scale invariance. In discrete scale invariance, we have scale invariance under a generic transformation x → λx only for specific values of the parameter λ. In general, these values form an infinite but countable set that can be expressed as λ n = λ n , with λ playing the role of a fundamental scaling ratio. Regarding q-deformed models, is not difficult to realize that they are DSI invariant with the parameter q playing the role of λ. In addition, since continuous scale invariance is equivalent to continuous translational invariance expressed on the logarithms of the variables [21] , then DSI can also be considered as translational invariance, but restricted to a discrete set. That is, only valid for translations of the fundamental unit log λ. Again, this corresponds to the wellknown lattice structure associated to q-deformations (see [11] for example).
In this paper, we shall study the statistical mechanics quantities associated to spectra such as (1.1) and (1.2) . Namely, partition functions and density of states. Regarding the methodology, we shall study these spectral functions essentially employing the well-known tool of zeta functions [23] (that is to say: an asymptotic study using Mellin transforms [22] ). In this sense, we expect the approach to have some interest from a methodological point of view. In particular, it shows how easily the usual framework of the zeta functions employed in physics -mainly known as zeta regularization or heat kernel techniques [23, 24] -has to be enhanced already with relatively simple quantum mechanical models. Being more concrete, the usual zeta functions employed are characterized by a rather constrained meromorphic structure. In contrast, our models easily develop an infinite number of complex poles in the Mellin transform associated to the spectral function. As we shall see, these complex poles are intimately related and are an indication of fractal behavior [20, 21] . In this sense, recall that the usual framework employed in heatkernel approaches is borrowed from the theory of pseudodifferential operators and Riemannian geometry, roughly speaking. More precisely, in the theory of pseudodifferential operators (ΨDO) the relation between heat kernel and zeta functions is the following. Let A a pseudodifferential operator (ΨDO), fulfilling the conditions of existence of a heat kernel and a zeta function (see, e.g., [23] ). Its corresponding heat kernel is given by (see [23] , and references therein)
which converges for t > 0, and where the prime means that the kernel of the operator has been projected out before computing the trace, and once again the corresponding zeta function
For t ↓ 0, we have the following asymptotic expansion:
Zeta functions with complex poles have already appeared in the literature. First, the problem of the study of vibrations in the presence of irregular boundaries or shapes has already been undertaken as a generalization of spectral problems with smooth geometries. This is clearly not an academic task but certainly a meaningful attempt to study more realistic geometries. In addition to numerical and experimental works, there is also an approach based on zeta functions [20] . On the other hand, when studying combinatorial structures [22] , Mellin transforms with complex poles are the most usual and natural object and, in particular, extremely simple functions in analytic number theory posses this property [22] .
Regarding the appearance of poles with imaginary part s * = σ + it, we should only mention that they imply the presence of fluctuations of the type x −s * = x −σ exp (it log x) in the expansion of the original function. Very often, regularly spaced poles appear, leading to a Fourier series in log x. The following (simplified) table gives an idea of the correspondence between the original function and the singularity structure of its associated Mellin transform [22] :
Multiple pole:
The paper is organized as follows. In the next Section we study some spectral functions -like the partition function or the density of states-associated with a purely exponential spectrum. We discuss the role of the complex poles and when these poles induce fractal behavior. In Section 3, we proceed identically, but for a typical q-deformed spectrum. For this, we employ some mathematical works on q-deformed zeta functions, and we see that there is a considerably richer oscillatory behavior, due to an interesting meromorphic strucure of the Mellin transforms. In the Conclusions, we present a brief summary and some avenues for future research are suggested.
Pure geometric growth
Without losing generality, let us begin by showing the features of the spectrum λ n = 2 n . The associated partition function is:
We can construct and associated zeta function as:
it is a geometric series and has infinitely many (complex) poles:
with residues 1/ log 2. Since the corresponding Mellin transform is Γ (s) ζ (s) ,we have a double pole at 0, the infinite sequence of complex poles and the poles of the Gamma function at the negative integers. Then, the asymptotic expansion (see Appendix) is:
Where Q (log 2 x) is the contribution from the imaginary poles:
which is a fluctuating term of order O(1). Then, we have found that the t → 0 expansion for this system contains a term that is a Fourier series in log 2 x, with coefficients of Gamma type. Note that these oscillations are logarithmic oscillations, typical in discrete-scale invariant models [21] . Notice that |Γ (±2πi/ log 2)| = 0.545·
10
−6 , and, in addition, Γ (s) has a strong decay while progressing through the imaginary line. More precisely, recall the complex version of Stirling's formula [18] :
Thus, the terms coming from higher poles in the imaginary axes are strongly damped. Then, the attentive reader may profitably wonder whether the fluctuations in our models imply that the resulting function is fractal 2 . Actually, regarding K (t) it turns out that the great damping in the amplitudes due to the Gamma function, as explained above, prevents this to be the case [20] . Therefore, we are dealing with small fluctuations, with tiny wobbles [22] . This is not the case of the density of states:
since the Mellin transform of the density of states is given by ζ (1 − s), and then the expansion for the density of states is:
Let us explore some other physically interesting spectral function to learn more about the role of the poles and its residues. In some contexts, q deformations have proven useful in the study of disordered systems, where is interesting to understand the conductance, given by [17] :
with λ n have, in principle, a behavior of the type discussed in this Section. Once again, we can set λ n = 2 n without losing generality, and compute the Mellin transform:
and taking into account all the poles in the Mellin transform, we obtain:
where P (log 2 t) is the periodic function coming from the complex poles s k = 2πik log 2 :
2 That is, continuous but differentiable nowhere.
Once again, the important point is that the function π sin π(s−1) exhibits an exponential decrease along vertical lines. Then, the contribution of the periodic function is truly small. This can be readily appreciated from the sinh factor, that severely damps the contribution of higher poles. More precisely, the function satisfies |P (t)| ≤ 7.8 · 10 −12 . Nevertheless, it is plain that they can have a more considerable effect (for example, by decreasing the value of q, that we have set to 1 2 , just to give precise numerical values). In any case, it is interesting to point out that even such minute fluctuations have lead to discrepancies in analytic studies of algorithms [22] .
q-deformed growth
In the previous Section we have studied in detail the case of a pure geometric growth. Let us now pay attention to the very well-known case of a q-deformed spectrum. From a practical point of view, numbers are substituted by q-numbers:
Note that the resulting spectrum exhibits exponential growth for the high-level eigenvalues and linear growth for the low-lying eigenvalues:
The effect of this spectrum -instead of a purely exponential one-in the meromorphic structure of the associated zeta function is not evident a priori. Interestingly enough, it turns out that there already exist some few interesting works dealing with q deformed zeta functions [15, 14, 16] . Consider, for example, [14] :
The meromorphic continuation to all s can be easily obtained by application of the binomial expansion
s+r−1 r q nr [15] :
Thus, the set of poles is s k,n = −k + 2πin log q with k = 0, −1, −2, ... and n an integer. Hence, as expected, we are lead to complex poles and thus to logarithmic oscillations and, eventually, to fractal behavior as discussed previously. Nevertheless, in comparison with the previous Section, the singularity pattern is manifestly much richer. Since there are many possible q deformations, it is worth to introduce, following [16] , a generic two-variable zeta function:
and proceed identically. Namely, binomial expansion and change of the order of summation [16] :
In [16] , it is argued that t = s − 1 provides the "right" q-deformation of Riemann's zeta function, instead of the case t = s presented above and discussed in [15] . Certainly, we are led to:
and consequently the poles are simple at 1 + 2πin log q with n ∈ Z and j + 2πik log q with j, k ∈ Z and j ≤ 0, k = 0.
Therefore, in comparison with (3.3) , we avoid the poles at negative integer values and at the origin. In addition, the corresponding values at these points approach the known ones, when q → 1. Furthermore, the convergence to ζ (s) when q → 1 for any s is obtained. This is also possible for (3.3), but up to some terms in q [15] . With the previous information, it is straightforward now to study the asymptotic behavior of the associated partition function:
As mentioned, the zeta values ζ q (−n) are finite and its value well-known [16] . The s j,k denote the poles and (s j,k ) j the Pochhammer symbol (also known as rising factorial) [18] . However, as explained in the Introduction, we are interested in spectrum of the type λ n = sinh (n log q). This directs our interest to (3.6) with t = s/2. Thus:
It is noteworthy that this zeta function also posses many interesting theoretical properties. In particular, the mathematical relevance -in the theory of special functions and in harmonic analysis-of the transformation x s → sinh s x is discussed in [14] . Additionally, it actually appears in a natural way in physical applications.
In random matrix models for example, a model with the usual Gaussian potential but with (x i − x j ) 2 → sinh 2 ((x i − x j )/2) as a correlation factor, appears in ChernSimons theory [12, 13] , giving rise to quantum topological invariants.
The set of poles is 2a + 2πib log q with a, b ∈ Z and a ≤ 0. As usual, the set of poles allows to obtain the rich asymptotic behavior of the density of states or the partition function. In any case, note that the contribution of the additional poles is subleading against the rightmost line of complex poles (and in comparison with the purely geometric growth case). Nevertheless, the structure seems interesting by itself and more details will be given elsewhere.
Conclusions and Outlook
In the Introduction we have presented with rather detail many systems with the distinctive property of an exponential or a combination of linear and exponential growth in the spectra. It seems manifest that this is not an academic question or a pathological property, but a rather ubiquitous physical property that has been somewhat neglected up to now. In addition, the theoretical properties of models with this property are remarkably rich. To begin with, the limit cycles that appear in a renormalization group approach, a subject of very much current interest.
We have emphasized the fact that the spectra are the typical or at least clearly related with the spectra of q-deformation models, since this seems to be conceptually important. Nevertheless, we have not attempted to make a clear connection rather than to mention the fact that the apparently systems share the common property of possessing a discrete scale invariance. This seems an interesting line of research.
Thus, instead of exploring the apparently deep interrelationship between qdeformations, conformal quantum mechanics, limit cycles, ... we have focussed in the consequences of the distinctive spectra of these models on the usual statistical mechanics quantities. In this sense, rather interesting results appear. First of all, the presence of logarithmic oscillations (the signature of discrete scale invariance) is obtained. These logarithmic oscillations may sum up and give rise to fractal behavior or be just beautiful tiny wobbles. Thus, in turn, we have shown the relationship between q deformations (and all the models discussed) and fractal geometry. Note that these logarithmic oscillations are known to be present at many different levels in the models discussed (wavefunctions, coupling constant in the renormalization group approach, ...), while we have obtained them in the statistical mechanics quantities. A more complete understanding of the full picture seems desirable and we expect to address this question elsewhere. From a methodological point of view, we have seen how the usual Mellin asymptotics employed in Quantum Field theory can be considered in a richer context.
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